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ABSTRACT

The record of the flux noise obtained during the zero-power

operation of the IISRE with fuel circulating was analyzed by two different
digital computer technlgues. The indirect method consisted of calcu-
lating the autocorrrelation function of the flux noise and subsequent

Fourier analysis of this autocorrelation functlon to give the power

spectr4l density. The direct method used a digital sinulation of a

band pass filter to concentrate the slgnal in the desired frequency
range. The output of this filter was then squared and ti"me-averaged

to give the powen spectral density.

Both methods were found to give conparable results at conparable

costs. The results were also found to give reasonable agreement with
previously published results obtained with analog methods. The value

of p/n obtained by the digital'nethod is 16.2 compared with 14.8

obtained ln the earlier, analog study.
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IMRODUCTION

Digital techniques were used to analyze the noise record obtained
during the zero-power run of the MSRE. These data were previously anaLyzed

by analog nethsds by Roux and Fry.l The purpose of the present analysis
was to supplement the analog results and to further test the digital
nethods. one of the digitar techniques used in this ,anarysis had pre-
viously been used successfulty in analysis of ORR nsise data.2

METHODS OF ANALYSIS

Indirect Method

The steps in the indirect method are:
l. ,Calculate the autocorrelation function, Crr_(r), of the noise

record using the following expression:

I rT-crr(r)=i J "'9(t)9(t+r)dt, (r)
mo

where

T_ = maximun correlation time, and
m

g = the neutron f,Iru< signal.
2. f'ourier analyze the autocorrelation function. Since it i-s .an

even function with peri.od 2Trr we obtain:

(2)

dto

'l^D. N. Fry and D, P. Roux, "Results of Neutron Fluctuation lfieasure-
ments lfiade During the MSRE Zero-Power Experimentr" USAEC Report OBNL-CF-
65-tO-18, October 29, 1965.

2l,uttrr fron T. W..Kerlin to D. P. Roux, September 17, 1965.
SubJect: Digital Calculation of the Power Spectral Density from Noise Data.

that the Fouri-er

low-pass f j-}ter

I I z ^r^F,-{.rrtr)f = ? I 
mcrr(r) eosf,dr .,.t ) m o t*

Apply necessary correct i.ons . These include:
a. Spectral wi-ndows to compensate f or the f act
uses a f lnite integrat j.on time .

b. Filter corrections to remove the effect of a

el iminate al ias ing .
c. Background corrections .

3.
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Direct Method

The center

width increases

puted from

6

Fourier coefficient,
is the power spectral

the f requency, kr/ r^
at that frequency.

ru Fr., trf , at

dens ity (PSD)

In the direct method, the digitized noize signal is used as the,; input

or forcing function to the differential.equations repiesenting a nai'row'

band pass filter, and the resulting output of the filter is squared and

lntegrated. The matrix exponential technique3 i5 used to sotve for the

transient response of the fitterr which has the characteristics of a

quadratic lag and a transfer function:

jtl
HU tl) = (3)

ttl " and the bando'
PSD may be com-

I
u)-+2Du)oo jul

.a

2
u)

or resonant frequency of
with increasing damping

the fifter is
factor D. The

PSD = 2
ct u)

(where 7 is the mean square f ilter output)

is constant within the band pass. For this

(4)

if it is, assuryed that the PSD

filter

2
q

I 
* 
l",j u,)f

o

I
o

oo 

l"a;,rr)f 
2 do = mi, (radian s/sec)

Provisions are: also made in the code for correcting 'the PSD for any

Iow-pass filter that may have been used to prevent aliasing, and for cal-
cu1atingthepercentstandarddeviationofthePSD.estinate

MSRE DATA

The data previously used in the analog analysisl
the M j-II isadic digit i zer " The data j.ncluded records

were digitized on

taken for the

tr. r. Ball and R. K. Adamsr'I[ATExP, A General Purpose Dlgital Com-
puter Program for Solving Nonlinear Ordinary Dlfferential Equations by
the tlatrix Exponentia]. Methodr" USAEC ORNL Report in preparation.
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reactor critical and for the background noise observed when the reactor
was shutdown. The case considered was for the reactor primary salt cir-
culating with no bubbles. The nolse record for the critical reactor was

passed through a low-pass fiLter consisting of a first order lag with a

tine constant of O.0047 sec, then digitized with a sampling interval of
O.OO284 sec. The baekground noise was also filtered and digitized in
the same manner. Approximately 361000 time points were used for both
cases.

RESULTS

Indirect Method

Figures I through 3 phow the autocorrelation functions obtained in the
indirect analysis. AII calculated points are plotted for the shorter
correration times, but only every tenth point was incruded after the
curve had leveled out at longer correlation times. Figure t shows the
autocorrelation function for signal plus background. Figure 2 shows the
autocorrelation function for background only. The results shown in Fig.
3 were obtained by subtracting the background autocorrelation function
from the autocorrelation function for signal pIUs background. This can

be done if the signal and the background are uncenrelated. To show this,
take a signal composed of uncorrelated time functions x and y, and calcu-
Iate the autocorrelation function

crt(r) I TT,-TJg [x(t) + y(t)]tx(t + r) + y(t + r)l dt

T x(t) x(t + r) dr

x(t) y(t + r) dt +

Since x and y are uncorrelated, the

IT.rr(r) = + Io x(t) x(t + r)

I rT+ 
' 

Jo- v(t) y(t +

I TT
r Jo- Y(t) x(t + r)

last two integrals

1Tdt + + Io v(t; y(t

=+t
+* Io'

r) dt

dt.

are ?,eto and

(5)

+ r) dt " (6)

Thus, if x is the signal and y is the background, we see that we get the
autocorrelati-on function of the signal by subtracting the autocorrelation
function of the background fron the autocorrelation function of the com-

posite signal. The lmprovement obtain€d from the background correction
is quite apparent if one compares Fig. I with Fig.3.
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of the output of a constant

noise is given by:

The autocorrel at ion f unct ion, Cr. t 
( r) ,

coefficient, linear system excited by white

nt

c',(r) = f o.rot"
II TJ 1

i=1

1t

(7)

where

A= = I constant,
bi = " pole of the system transfer function, and

n = order of the characteristil;c equation.

See the appendix for a derivation of Eg. (7). For a zero-pov/er reactor,
the poles are at bl*O and b, = -(), + g/D for a one-delay-group model.

Thus thg autocorrelation function of a zero-power reactor excited by

white noise is given by:

Go(i d = G*(i ut Gf (i ut , (e)

where

Go(Jul) = over4ll transfer f,unction,

GR(iq) = reactor transfer function,
Cr(jol) = f ilter transfer function = 

-- 
, andr+Tfs

"f = filter time constant, sec'

In this ease, the autocorrefation function is given by:

c--(r,) = A- + e- "-(tr 
+ g/!') (8)rr t ''2

If the output is low-pass filtered prior to autocorrelation with a first
order lag circuit, the overall transfer function is

crr_(r) = or. + or"-(^ + 9/Dr
_T/T 

^+A^e r 
.

J
( 10)

For the IISRE experJ-ment, L/'r, = 2L3. Thus, a plot of log Crr(r)
vs r shoutd show an initlal slope of-Z)-3r,,followed by a section of the

curve with a slope of -(1. + g/D before settling out to a constant value.
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Figure 4, which shows the MSRE autocorrelation function for short
correlation times, displays,the expected behavior. The equation that
fits thls curve is

f (r) = +oso e-2r3" * 7to e-16'37

Thi.s was obtained by assuming an exponent of -2L3 due to the fllter
effect, then performing a least squares fit on the function:

(r11

f(r) 4o3o -2r3r' .

Thus the result obtained is

I + 9/n = 16.3 o

Since I is approximately O,l, we obtain

B/,A = L6.2

, The value of B/n obtained by this urethod (16.2) compares favorably
'l

to that obtained by Roux and Fry (f+.9) "^

Figure 5 shows the power spectral density of the signal pri_or to
the corrections for the effects of the filter and the background noise.
These results were obtained by Fourier anatyzing the autocorrelation
functlon shown in Fig. 1. lVe note a sharp resonance at 376,I.radians/sec
(60 cps) due to line voltage pickup. This resonance could have intro-
duced an aliasing difficulty if the signaL had been sampled at a slower
rate and had been lnadequately filtered.

Figure 6 shows the corrected power spectral density for the noise
record. A Hanning windo,"4 *r" used, the filter effect was removed, and

the background PSD was subtracted. The anaLog resultst 
"". 

also shown

for comparison

4
if. A. Thie, Reactgr_Noise, Rowan and Littlefield, Inc., New

York, 1963.
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Earlier results2 indicated that the time required for indirect
analysis on the IBII 7090 is given by:

1=AN N. (fZ1
p

where

t = IBII 7O9O conputing tine (minutes),

A =2x 1O-6,

N__ = number of points, and
p

N. = number of values calculated for the autocorrelation function.t
The calculations for the MSRE noise indicate that A is closer to

1.5 x 10-6, For example, the IBII ZO9O computing time requtred to obtain

the spectrum for Fig.5 using 361000 points to calculate 5OO autocor:re-

lation values was 26 minutes. The time required to nunerically Fourier

ar.a1yze the autocorrelation function to obtain the PSD is negligible.

The number of values calculated for the autocorrelation function

was arbitrarily set at 5OO in the calculations described above. It is

noted, however, in Fig. 3 that the autocorrelation function has leveled

off after about IOO time points. The points further out do not seem

to contain much lnformation and possibly could be eliminated, cutting
the computation tine by a factor of 5. This was done, and the results
are shown in Fig.7. The use of this shorter maximun lag tine results
in a smoothing of the autocorrelation function in a nanner analogous to
the use of a broader filter in the direct nethod. The power spectral
density nay be evaluated only for frequencies given by the relation:

kn
11.1 = - 

(radian s/ sec) ,
T

m

where

k = any integer, and

T = the maximum correlat ion time (seconds) .
m
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Thus, there are fewer points per unit
shorter correlation time. However, it
at appropriate frequencies agree.

Direct Method

frequency on the plot for the

may be noted that the results

The direct method was also used to anaLyze the same nolse record
as was used ln the indirect analysis. The resulting power spectral
density is shown in Fig. 8 with the background noise subtracted and

the filter correction applied. It is seen that the results are in
genera| agreement wlth the results obtained with the indirect nethod.

The drop-off of the polnts below 1.O radian/sec is due to characteris-
tics of the wide-band ac amplifier that was used, and is not charac-

teristic of the PSD of the fhur signal. This effect was also observed

in the earlier analog study.

The tine required for the direct method ls given approximately by

t=BN N ( rsl

where

t = IBh[ 7O9O conputing tine (ninutes),
B =7x lo-6r
N_ = nunber of points, and.p
N. = nunber of freguencies.

0)

For instance, the results shown in Fig. 8 for 36,000 points and 26 f,re-
quencies required about 7 l/2 minutes of IBM 7O9O computing tine.

coNcl,usroNs

Digitet methods for processing reactor noise data have been success-

fully used in the analysis of noise records from the ORR and the MSRE.

These tests are considered to be an adequate verificatlon of the two

different types of anatysls enployed. There seems to be no clear advah-

tage for either of the di.gital methods used. A complete power spectrat
density calculation is probably a little faster by the direct method,

but the autocorrelation functlon obtained ln the i.ndirect nethod may be

worth the sllght extra cost in many cases. A direct comparison of costs

u)p
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AF = 0.00284 sec; Low-Pass Filter T.C. = 0.0047 sec; 361000 Points. Corrected for background and
filter.
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for a given spectrun calculation is not posslble since the computing

tine for the lndirect nethod is proportional to the nunber of auto-
correlation polnts calculated, while for the direct nethod it is
proportional to the number of frequency points calculated.

It is worthwhile to compare the relatlve advantages of noise analysis
by analog nethods and by digital methods. This comparison includes
considerations of accuracy, cost, flexibility, difficulty, and speed.

Accuracy

The accuracy of both the digital and analog nethods depends on the

equipnent accuracy and the length of the data record anaLyzed, but the

Iatter is usually the controlling factor. Thus the other considerations
which determine naxlmum record lengths that can be obtained reasonably

dictate ultinate accuraey.

Cost

The cost of an analysis includes the cost of equipnent and the cost

of manpower. Both the analog nethod and the digital nethod require a

suitable detector and a high quality tape recorder. The digital nethod

requires a device for sampling the analog record, but since such a

machine ls available at ORIIL, no purchase of ,speci.al equipment is
required. The remainder of thg cost of dlgital analysis is dlgitat
computer cost. At Oak Ridge costs, it is economical to run the computer

for an hour or more in order to replace one man-day of work. Analysis
of.data by the analog method requires special equipment, which is also
available at OBI,[L, and requires personal attention during analysis. It
appears that there is no clear cost advantage for either method at
ORNL. A decision by a potential noise analyst at some other installation
concerning the relative costs of the two nethods would depend.on the
equipment available at that installation.

F*lgxibifity

The dlgital nethod seems to offer some advantages with regard to
flexibility. The frequencies to be analyzed may be selected to satisfy
the requirements of the system under considerationr AIso, nagry frequencies
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may be ana'Lyzed, and it is sinple to go back and re-analyze the data
to clarify interesting, unexpected features of the power spectral
density curve, perhaps by varying the band width over which the PSD is
averaged. The frequencies, and the band widths at these frequencies,
that nay be analyzed by the analog nethod are determined by the avail-
ability of appropriate filters.

Cross correlation and cross power spectral density (CPSD) analyses
can also be made on a trproduction" basis with digital techniques
Although analog techniques are available.for CPSD analyses, pl,'actical
means are not available for production runs at ORNL.

Difficulty

The difficulty of carrying 'out an analysis is no.t a major conr

sideration unless you happen to be the aqalyst, Once the data are
digitized, the digital method is virtuarly effortless. (The indirect
method code requires two input cards and the direct rnethod code reguires
one input card;) The anaLog nethod reguires the attention of an atten-
dant for several hours.

Speed

It is songtimes advantageous to obtain .neise ana.lysis r.esults
quickly. With the analog method, one could carry the taped noise to
the analyzet and immedj-ately start grinding out results at a rate of
about IO PSD points per hour with eguipment avallable at ORNL. These

results are usually processed with a short digital conputer code to
get the final spectra. With the digital method, one must feed the

taped data to the l[llIisadic digitizer' then feed the Millisadic's
cards through a digital program to correct digitizing blunders, and

then feed'the good cards back to the computer for the PSD analysis
(the last two steps could be combined).

Thus the relative speeds of the two methods depends on the avail-
ability of the analog a:nalyzer with attendant on one hand, and the

Miltisadic on the other.
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APPEIIDIX

the following result wilf be proved:

where

Crr ( r)

This is s imply proved ' if
of the outputr Po, is related
Pr, bY

The transfer
I inear system may

cr, ( r)

autocorrelation function of the output
by white nois€r
a cons tant ,
a pole of the system transfer function
s impl g) , , 

and

order of the characteristic eguat j.on .

b.t
].

use the fact that the

the spectral density

n
t-

= ) A. e
Lrl

i=1

we

to

(A. t)

of

A. =]-

b. =1

a system excited

(assumed to be

n

spectral density

of the input,

no = lc{jr)l 2 pi

where
,,9
;cCiull - = c(jur) c(-juD ,
G(,io) = the systen transfer function.

If the input is white noise, P. is a constant, K, and we obtain

po = rlc(iur)l 2

function of a lrrmped-pzrametet t
be written:

(A .2)

(A .3)

constant-coeff i c lent

(iqt - 8,1)(io- 
^z) ..o

G(j ut =
(iul or)(iulF br) .o.

(A .4)
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where

a, = a zero
I

b.' = a PoleI

The autocorrelati
transform of its

C,.'(r) =II

The term, G(jut) G

is equal to the inverse Fourier

G (-'j 6) .j tlt 
dul

the forn:

of G(jtD ,
of G(jul) o

on function of a signal
power spectral density:

F-rlrI=: [* c(ju,)
I1 2nr-*

(-ii oi may be written in

(A .5)

G(jur) c(-jur) = (a .6)
[(;ur or)(itrlq or)

The f unct i-on, G ( j ur) G (-j o) "j 
tlt has

..1[(-;o- bl)(-jtp br) ...J

poles located as shown below:

The integral in Eq . (A .5) may

the Cauchy residue theorem to
be evaluated

give:
as a contour integral using



(A.7) -:

(A .8)

n

L f 
* 

c(iur) c(-jur) rjurt do = *j t Br(br) "o" ,2n J-* - \rJt \ry/ !' wt s\.*' 

n=I

nf
tr. br'
) A. e ,'{J ]-

1=I

n

c.',(r) = t A- .o'" .II'" {- r-

i=1
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where

B. (b. ) = the residue of the ith pole.
11

Th is result is of the f orm,

and we may write
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